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continuing connections! 



on your half-sheet of paper…

• Just circle MONTH and DAY OF THE MONTH        
you were born

• Let volunteers collect them 
(we’ll share results soon)



definition: birthday match

birthdate: month/day/year 
birthday: month/day

(Presidential) birthday match:  
James Polk (Nov. 2, 1795) & 
Warren Harding (Nov. 2, 1865)



Let’s start slow…

What’s the LARGEST # of people 
that could have NO birthday match?



Let’s start slow…

What’s the LARGEST # of people 
that could have NO birthday match?

365 (we’re ignoring leap years)



Let’s start slow…

What’s the LARGEST # of people 
that could have NO birthday match?

365

so 366 people yield a 100% chance of a match 
thanks to the….



Pigeonhole Principle
Pigeons-in-holes.jpg by en:User:BenFrantzDale; this image by en:User:McKay - transferred from en.wikipedia to Commons; 
Original text Edited from Image:Pigeons-in-holes.jpg CC BY-SA 3.0

if number of items >
number of containers,

at least 1 container 
must contain 
more than 1 item.

https://en.wikipedia.org/wiki/User:BenFrantzDale
https://en.wikipedia.org/wiki/User:McKay
https://en.wikipedia.org/
https://commons.wikimedia.org/wiki/File:Pigeons-in-holes.jpg


The Birthday Problem!

How many people must gather for at least a 50% chance 
of at least one birthday match?

A) I know the answer, so I’ll vote “A” and stay quiet for now
B) I don’t know the answer, but I’ll guess 253
C) I don’t know the answer, but I’ll guess 183
D) I don’t know the answer, but I’ll guess   23
E) I don’t know the answer, but I’ll guess     2



now, I’ll share background 
as we let anticipation build….

• ….before answering the BP question you voted on

• ….as volunteers count how many slips 
and birthday matches (if any) there were



who posed the BP?
photos from https://mathshistory.st-andrews.ac.uk/Biographies/Mises/

Austrian mathematician 
Richard von Mises (1883-1953) 
first to publish (in 1939), but…. 

English mathematician
Harold Davenport (1907-1969)
spoke of it 12 years earlier.



and Elliott (1997) cites late 1600s discussion 
by the UK physician John Arbuthnot:

P(> 2 faces match in a throw of p n-sided dice)

P means “Probability of…”



and Elliott (1997) cites late 1600s discussion 
by the UK physician John Arbuthnot:

P(> 2 faces match in a throw of p n-sided dice)

# of people

birthdays                                  # of days/year 
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• Intuitions 
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• Simulations/Q&A



OUTLINE

• Foundations (of probability)
• Intuitions 
• Calculations 
• Applications 
• Variations
• Simulations/Q&A



What’s probability?



What’s probability?
A number* expressing likelihood between
0% (impossibility) and 100% (certainty).

* whether expressed as a percentage, fraction, or decimal



Type of probability Type of event Examples

empirical long-run
relative frequency

repeatable roll a pair of dice a LOT of times and see that 
a “sum of 11” happens about 5% of the time



Type of probability Type of event Examples

empirical long-run
relative frequency

repeatable roll a pair of dice a LOT of times and see that 
a “sum of 11” happens about 5% of the time

classical 
(using logic)

from a sample 
space

P(sum of 11 when rolling 2 dice) = 
2 ways desired event can happen / 36 ways to roll 2 dice = 

2/36 = .055555…. 



Type of probability Type of event Examples

empirical long-run
relative frequency

repeatable roll a pair of dice a LOT of times and see that 
a “sum of 11” happens about 5% of the time

classical 
(using logic)

from a sample 
space

P(sum of 11 when rolling 2 dice) = 
2 ways desired event can happen / 36 ways to roll 2 dice = 

2/36 = .055555…. 

subjective 
(personal)

nonrepeatable today’s speaker has 2 dice in his pocket



Probability Rules!
Complement rule:  P(not A) = 1 - P(A)

(just take the “something must happen rule” 
P(A) + P(not A) = 1 

and subtract P(A) from both sides)

not A

A



Probability Rules!
Complement rule:  P(not A) = 1 - P(A)

Addition rule (or ; union):  
• P(A or B) = P(A) + P(B) – P(A and B);
• P(A or B) = P(A) + P(B), for disjoint events

not A

A

A B

A B



Probability Rules!
Complement rule:  P(not A) = 1 - P(A)

Addition rule (or ; union):  
• P(A or B) = P(A) + P(B) – P(A and B);
• P(A or B) = P(A) + P(B), for disjoint events

Multiplication rule (and ; intersection):  
• P(A and B) = P(A)*P(B), for independent events

not A

A

A B

A B

A B



applying the rules:  P(> 1 six) when rolling 2 dice

ADDITION RULE!
• P(both sixes)     +          P(exactly 1 six) = 



applying the rules:  P(> 1 six) when rolling 2 dice

• P(both sixes)     +          P(exactly 1 six) = 
ADDITION RULE!

P(6, 6)                +     P(6, non-6) + P(non-6, 6) =
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applying the rules:  P(> 1 six) when rolling 2 dice
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+ 5
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=  11
36

• 1 – P(no sixes) =   COMPLEMENT RULE!



applying the rules:  P(> 1 six) when rolling 2 dice

• P(both sixes)     +          P(exactly 1 six) = 
P(6, 6)                +     P(6, non-6) + P(non-6, 6) =
1
6

x 1
6

+          1
6

x 5
6

+            5
6

x 1
6

=            
1
36

+ 5
36

+ 5
36

=  𝟏𝟏𝟏𝟏
𝟑𝟑𝟑𝟑

• 1 – P(no sixes) =  1 - 5
6

x 5
6

=  1 - 25
36

=  𝟏𝟏𝟏𝟏
𝟑𝟑𝟑𝟑



11/36 also visible from the sample space

idea 
introduced 
in 1931 by 
von Mises



Now for the big reveal….

How many people must gather for 
at least a 50% chance of a birthday match?

A) I already know the answer, so I’ll vote “A”
B) I don’t know the answer, but I’ll guess 253
C) I don’t know the answer, but I’ll guess 183
D) I don’t know the answer, but I’ll guess 23
E) I don’t know the answer, but I’ll guess 2



Now for the big reveal…..        

How many people must gather for 
at least a 50% chance of a birthday match?

A) I already know the answer, so I’ll vote “A”
B) I don’t know the answer, but I’ll guess 253
C) I don’t know the answer, but I’ll guess 183
D) I don’t know the answer, but I’ll guess 23
E) I don’t know the answer, but I’ll guess 2

(binary candle math!)



P(> 1 match among 23 people) = 

≈ 38 sexdecillion / 75 sexdecillion 

≈ 50.7% 



Alex Bellos
author of Alex Through the Looking Glass: How Life Reflects Numbers and Numbers Reflect Life

“…one of maths’ greatest hits.

It’s something you can say in 1 line 
which gives you this ‘wow’!”



Revealing Results

1.) Tell me how many paper slips were filled out.

2.) I’ll state P(> 1 match among that many slips) and 
about how many matches we’d expect on average.

3.) Tell me how many matches, if any, there were.



WHY is 23 so surprising
(…that some call it the “Birthday Paradox”)?

? ? ? ? ?



OUTLINE

• Foundations 
• Intuitions  
• Calculations 
• Applications 
• Variations
• Simulations/Q&A



2 types of compound events

conjunctive (intersection; “and”) chain of events:
• NY Yankees win every round of 2025 playoffs (WC, ALDS, ALCS, WS)

disjunctive (union; “or”) funnel of events:  
• at least 1 birthday match in the room 
• at most 3 NY Yankees start in the 2025 All-Star Game



17th-century query about disjunctive events
led Pascal & Fermat to launch probability theory!

The Chevalier de Méré asked Blaise Pascal why betting on
at least one ace in 4 rolls of 1 die is favorable,       

but not 
at least one double-ace in 24 rolls of 2 dice.          



17th-century query about disjunctive events
led Pascal & Fermat to launch probability theory!

The Chevalier de Méré asked Blaise Pascal why betting on
at least one ace in 4 rolls of 1 die is favorable,     1 – (5/6)4 = 51.8%  > .5

but not 
at least one double-ace in 24 rolls of 2 dice.    1 – (35/36)24 = 49.1% < .5



psychologists and behavioral economists 
Daniel Kahneman & Amos Tversky (1974, p. 1129)

event example We tend to….

Conjunctive
“AND” 
(intersection)
chain

all parts of a complex 
project succeed (so the 
project is completed)

overestimate chance of 
project completion when each 
part’s success is fairly likely

Disjunctive
”OR” 
(union)
funnel

complex system (human 
body; nuclear reactor) fails 
(i.e.,  > 1 key part fails)

underestimate chance of 
system failure when each 
part’s failure risk is slight



a reason we underestimate 
disjunctive event probabilities:

it’s hard tabulating all the ways 
disjunctive events can happen



Try tabulating ways of > 1 match among 
even just n = 5 people  (Johnson 1997)

Case 
All 5 match (aaaaa)
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All 5 match
Exactly 4 match (aaaab)
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Case 
All 5 match
Exactly 4 match
Exactly 3 match (aaabc)



Try tabulating ways of > 1 match among 
even just n = 5 people  (Johnson 1997)

Case 
All 5 match
Exactly 4 match
Exactly 3 match
Exactly 2 match (aabcd)



Try tabulating ways of > 1 match among 
even just n = 5 people  (Johnson 1997)

Case 
All 5 match
Exactly 4 match
Exactly 3 match
Exactly 2 match
Two pairs (aabbc)



Try tabulating ways of > 1 match among 
even just n = 5 people  (Johnson 1997)

Case 
All 5 match
Exactly 4 match
Exactly 3 match
Exactly 2 match
Two pairs
Full house (aaabb)



Try tabulating ways of > 1 match among 
even just n = 5 people  (Johnson 1997)

Case Number of ways
All 5 match 365
Exactly 4 match
Exactly 3 match
Exactly 2 match
Two pairs
Full house



whoa….!
Case Number of ways
All 5 match 365
Exactly 4 match 664,300
Exactly 3 match 482,281,800
Exactly 2 match 174,586,011,600
Two pairs 723,422,700
Full house 1,328,600
TOTAL 175,793,709,365



so P(> 1 match among n = 5 people) = 
175,793,709,365 /  (3655) = .0271
(Johnson 1997)

Case Number of ways
All 5 match 365
Exactly 4 match 664,300
Exactly 3 match 482,281,800
Exactly 2 match 174,586,011,600
Two pairs 723,422,700
Full house 1,328,600
TOTAL 175,793,709,365



takeaway:  P(>1 match) easier via 
COMPLEMENT RULE: 1 – P(no matches)

and we’ll use this rule in both methods 
we now explore….



OUTLINE

• Foundations 
• Intuitions  
• Calculations (2 methods)
• Applications 
• Variations
• Simulations/Q&A



Assume* births are….
• independent (chosen randomly; count twins as 1 birth)
• not on leap days (ignore Feb. 29)
• equally likely on any day (ignore nonuniformity)

* we’ll assess later

Math aside:
Birthdays are independent and identically distributed 
over the discrete uniform distribution {1, 2, …. , 365}



METHOD 1: Traditional 

Persons #1 & #2 enter. P(no match so far) = 364
365

(COMPLEMENT RULE)



METHOD 1: Traditional 

Persons #1 & #2 enter. P(no match so far) = 364
365

(COMPLEMENT RULE)

“Statistics prove, prove that you’ve one birthday,
One birthday every year.
But there are 364 unbirthdays…”
--“The Unbirthday Song” from 1951 Disney movie Alice in Wonderland



METHOD 1: Traditional 

Persons #1 & #2 enter. P(no match so far) = 364
365

Person #3 enters. P(no matches so far) = 364
365

∗ 363
365

(MULTIPLICATION RULE)



METHOD 1: Traditional 

Persons #1 & #2 enter. P(no match so far) = 364
365

Person #3 enters. P(no matches so far) = 364
365

∗ 363
365

Person #4 enters. P(no matches so far) = 364
365

∗ 363
365

∗ 362
365



METHOD 1: Traditional 

nth person enters. P(no matches among n people) = 

= 364
365

∗ 363
365

∗ … ∗ 365 − 𝑛𝑛+1
365



METHOD 1: Traditional 
Person #n enters. P(no match among n people) = 

= 364
365

∗ 363
365

∗ … ∗ 365 − 𝑛𝑛+1
365

= # of matchless n−person sequences
# of n−person sequences

(math aside: this is also 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 365,𝑛𝑛
365𝑛𝑛

=  365!
365−𝑛𝑛 ! 365𝑛𝑛

) 

then subtract P(no match) from 1 to find P(> 1 match)
COMPLEMENT RULE



# of people, n P(> 1 match) 
15
23 50.7%
30
40
50
70
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# of people, n P(> 1 match) 
15 25.3%
23 50.7%
30 70.6%
40 89.1%
50 97.0%
70



# of people, n P(> 1 match) 
15 25.3%
23 50.7%
30 70.6%
40 89.1%
50 97.0%
70 99.9%
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Math aside:
this graph can be 
approximated by
1 - 𝑒𝑒−𝑛𝑛(𝑛𝑛−1)/730



Assess Assumptions

• Births are independent (chosen randomly; count twins as 1 birth)
• Births are not on leap days (ignore Feb. 29)
• Births are equally likely on any day (ignore nonuniformity)



wolframalpha.com BP calculator has leap year option!



P(> 1 match among n people)

n ignores leap day includes leap day 

10 .1169 .1168
20 .4114 .4111
23 .5073 .5069
30 .7063 .7059
40 .8912 .8909
50 .9704 .9702
60 .9941 .9941



Let’s now look at Method 2

• Method 1 involved a long product of fractions with decreasing 
numerators

• Method 2 will involve a single fraction (the “unbirthday” fraction) 
raised to a power



METHOD 2: Opportunities (“handshakes”)
(Mosteller, 1962) 

people opportunities 
1 ?
2
3
4
5
6
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people opportunities 
1 0
2 ?
3
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METHOD 2: Opportunities

people opportunities 
1 0
2 1
3 3
4 ?
5
6

Try drawing all possible handshakes!
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2 1
3 3
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METHOD 2: Opportunities

people opportunities 
1 0
2 1
3 3
4 6
5 ?
6

Try drawing all possible handshakes!



METHOD 2: Opportunities

people opportunities 
1 0
2 1
3 3
4 6
5 10
6



METHOD 2: Opportunities

people opportunities 
1 0
2 1
3 3
4 6
5 10
6 ?



METHOD 2: Opportunities

# of people, n opportunities 
1 0
2 1
3 3
4 6
5 10
6 15

See a pattern in 
this sequence?

Find relationship 
between 
# of opportunities 
and # of people. 



METHOD 2: Opportunities
Each of n people have __?_ people to shake hands with
(and check for a match)



METHOD 2: Opportunities
Each of n people have n - 1 people to shake hands with
(and check for a match)



METHOD 2: Opportunities
Each of n people have n - 1 people to shake hands with
(and check for a match)

but 𝑛𝑛(𝑛𝑛 − 1) would double-count the handshakes, so divide by 2:

𝑛𝑛(𝑛𝑛−1)
2

opportunities



METHOD 2: Opportunities
Each of n people have n - 1 people to shake hands with
(and check for a match)

but 𝑛𝑛(𝑛𝑛 − 1) would double-count the handshakes, so divide by 2:

𝑛𝑛(𝑛𝑛 − 1)
2

Math aside: this agrees with the combinations formula “n choose 2”:
𝑛𝑛
2 = 𝑛𝑛!

2! 𝑛𝑛−2 !
= 𝑛𝑛(𝑛𝑛−1)

2



METHOD 2: Opportunities
Each of n people have n - 1 people to shake hands with
(and check for a match)

but 𝑛𝑛(𝑛𝑛 − 1) would double-count the handshakes, so divide by 2:

𝑛𝑛(𝑛𝑛 − 1)
2

Note:  𝑛𝑛(𝑛𝑛−1)
2

rises faster (quadratically) than linear, 
so no wonder we underestimate opportunities among n people! 



METHOD 2: Opportunities

If we assume 𝑛𝑛(𝑛𝑛−1)
2

opportunities are independent, 

P(no matches among 𝑛𝑛(𝑛𝑛−1)
2

opportunities) = (364
365

)
𝑛𝑛(𝑛𝑛−1)

2

MULTIPLICATION RULE

COMPLEMENT RULE: P(> 1 match) = 1 - P(no matches) 

So plugging in 23 people for n:   1 - (364
365

)
𝑛𝑛(𝑛𝑛−1)

2 = 1 - (364
365

)253 =                            
.5005 > 50%  



Are Methods 1 & 2 “at odds”?  
Consider P(no matches among n = 3 people): 

Method 1 (exact):                                           364
365

* 363
365

= .99179583

Method 2 (approximate): 3 opportunities, so (364
365

)3 = .99180332



Lesser (1999) 
graph compares

Method 1 
Method 2 



just how close are the methods?

Method 2 (opportunities) answer < Method 1 (traditional) answer 
The gap is always   < 1 percentage point   and < 1.376%

math aside:
• Rewriting Method 2’s (364/365)k as (1 - (1/365))k 

lets us apply Taylor series for f(x) = (1 – x)k, where x = 1/365. 
• This yields (1 - (1/365))k ≈  1 - (k/365), which is used in Method 1!



The opportunities model (Method 2) is….

inexact because opportunities do not quite have 
the independence required by the Multiplication Rule 



The opportunities model (Method 2) is….

inexact because opportunities do not quite have 
the independence required by the Multiplication Rule 

useful by offering some simplicity/intuition while 
closely approximating the correct answers



so why are opportunities not independent?

simple explanation (Kalid Azad, betterexplained.com):
“If Persons A & B match, and Persons B & C match, 
we know A & C must match also. 
The outcome of matching A & C depends on their results with B, 
so the probabilities aren’t independent.”



so why are opportunities not independent?

simple explanation (Kalid Azad, betterexplained.com):
“If Persons A & B match, and Persons B & C match, 
we know A & C must match also. 
The outcome of matching A & C depends on their results with B, 
so the probabilities aren’t independent.”

Math aside:
the 3 opportunities are independent pairwise, but not as a collection: 
the 3-way-intersection probability ≠ product of individual probabilities 

A

B

C



INTUITION redux: 
23 is near 24, let’s consider 24 people, with exactly 2 people 
born in each month (which we’ll assume is 30 days long)

X    X

JAN

XX

FEB

X    X

MAR

X X

APR

X    X

MAY

XX

JUNE

X   X

JULY

X X

AUG

XX

SEPT

X   X

OCT

X    X

NOV

XX

DEC



INTUITION redux: 2 people born in each month

• P(no match in a particular month) = 29/30, 

X    X

JAN

XX

FEB

X    X

MAR

X X

APR

X    X

MAY

XX

JUNE

X   X

JULY

X X

AUG

XX

SEPT

X   X

OCT

X    X

NOV

XX

DEC



INTUITION redux: 2 people born in each month

• P(no match in a particular month) = 29/30, 
• P(no match among 12 months)  =   (29/30)12

• P(> 1 match among 12 months) = 1 – (29/30)12 = .33

X    X

JAN

XX

FEB

X    X

MAR

X X

APR

X    X

MAY

XX

JUNE

X   X

JULY

X X

AUG

XX

SEPT

X   X

OCT

X    X

NOV

XX

DEC



INTUITION redux: 2 people born in each month

• P(no match in a particular month) = 29/30, 
• P(no match among 12 months)  =   (29/30)12

• P(> 1 match among 12 months) = 1 – (29/30)12 = .33

• .33 < .5, but is only a lower bound since such uniformity is very unlikely and 
clustering increases chance of a match*, as illustrated by 
the extreme of all 24 birthdays in 1 month yielding P(> 1 match) > 99.999%

X    X

JAN

XX

FEB

X    X

MAR

X X

APR

X    X

MAY

XX

JUNE

X   X

JULY

X X

AUG

XX

SEPT

X   X

OCT

X    X

NOV

XX

DEC

* Math aside: This has been mathematically proven (via Lagrange multipliers or symmetric polynomials)



Task: “Click 50 times at random in a disk.”  
Which one was done by a human? 



clustering more common than we think
Figure 1 of Zeng et al. (2024): chance.amstat.org/2024/10/randomness

human



clustering more common than we think

If 6 people each roll a 6-sided die,
P(> 1 number repeated) =

For 5 flips, P(HHHHH or TTTTT) is only .55+ .55 = 6.25%; 
P(100-toss string includes either streak) =



clustering more common than we think

If 6 people each roll a 6-sided die,
P(> 1 number repeated) =  1 – P(all 6 numbers different) 

=  1 - (5
6
* 4
6
* 3
6
* 2
6
* 1
6
) ≈ 98.5%

For 5 flips, P(HHHHH or TTTTT) is only .55+ .55 = 6.25%; 
P(string of 100 coin flips includes either streak) = 97.2%!



Assess Assumptions (Borja, 2013)

• Births are independent (treat multiplicities like twins as 1 birth)
• Births are not on leap days (ignore Feb. 29)
• Births are equally likely on any day 



Yes, there’s some nonuniformity… (Borja, 2013)

1/12



Yes, there’s some nonuniformity… (Borja, 2013)

….but that only 
increases chance 
of a match, 
so a 50% chance 
needs fewer than 23 
people in real life.



INTUITION redux:   We are egocentric!
consider the 346 million people in the US….

If something has a 1-in-a-million chance of happening 
to any person on a given day,
it’s shocking if it happens to you,  
but this rare event will happen in the US 
346 times/day and 126,000 times/year!

OR:  it’s really unusual if you win the lottery, 
but it’s not unusual when someone wins.



(egocentric) BIRTHMATE Problem (Mosteller 1962)

BIRTHMATE PROBLEM: “How many must join me in a room 
for P(> 1 person matches with me) to exceed 50%?”

ME



(egocentric) BIRTHMATE Problem (Mosteller 1962)

If you’re in a 23-person room, there are 23(22)/2 = 253 opportunities 
for any 2 people to match (BIRTHDAY PROBLEM),
but you tend to focus on the 22 opportunities where YOUR birthday 
could match someone else’s (BIRTHMATE PROBLEM), 
not the “less personally meaningful” 253-22 = 231 opportunities
(over 10x as many!) that don’t involve you.



BIRTHMATE Problem: “How many people n must join me
for P(> 1 person matches with me) to exceed 50%?”

note: we never have 
a 100% chance
since 1 – (364/365)n  < 1

the Pigeonhole Principle 
won’t apply here 
(because
we’re tracking only 
matches with me)



BIRTHMATE Problem: “How many people n must join me
for P(> 1 person matches with ME) to exceed 50%?”

P(> 1 match with me) = 1 – P(no match with me) = 
1 – (364/365)n

Solving .50 = (364/365)n

yields n = ln(.5)
ln(364365)

≈ 253



BIRTHMATE Problem: “How many people must join me
for P(> 1 person matches with ME) to exceed 50%?”

consistent with “gambler’s rule”:
with a 1/c chance of an event, 
you need (ln 2)*c ≈ .7c occurrences
for a 50% chance 
the event happens at least once

(ln 2)*365 = 253.00



n 
(including “me”)

BIRTHDAY
P(>1 match among all)

BIRTHMATE
P(>1 match with me)

23 50.7% 5.9%
30 70.6% 7.6%
40 89.1% 10.1%
60 99.4% 14.9%
70 99.9% 17.2%



What are the chances….

…. there’s a SONG 
that recaps
our 2 probability punchlines,

using the tune of the 
most famous birthday song?



What are the chances….?

100% -- I already wrote it!

Now sing with me….
(as CHORAL-LARRYs!)



“BIRTHDAY SONG”
(my 2001 adaptation of Mildred J. Hill & Patty Smith Hill’s “Happy Birthday to You”)
to recap the BIRTHMATE & BIRTHDAY punchlines!

Happy birthday to you, bring another 22:
Then we’ll have even chances 
of a match in this room….or many more!

Happy birthday to me, bring another 253:
Then I’ll have even chances 
someone matches with me….or many more!



OUTLINE

• Foundations 
• Intuitions 
• Calculations
• Applications (real-life contexts)
• Variations
• Simulations/Q&A



CONTEXT N n MATCH
(50% probability when n ≈ 1.2 𝑵𝑵)

Birthday Problem days of the year people 2 people born same day
math version bins balls 2 balls land in same bin
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fraudulent version of a contract)
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CONTEXT N n MATCH
(50% probability when n ≈ 1.2 𝑵𝑵)

Birthday Problem days of the year people 2 people born same day
math version bins balls 2 balls land in same bin
cybersecurity
(“birthday 
attack”)

possible outputs 
(e.g., 128-bit long) 
of hash function

inputs (attempts) “collision”: 2 inputs yield same hash 
output (e.g., a fair version and a 
fraudulent version of a contract)

wildlife biology number of animals 
tagged in a 
population

size of random 
sample of 
animals

animal within random sample that’s a  
“recapture” tagged from a previous 
capture sample

criminology possible DNA 
sequences

entries in FBI 
database of  
offenders

2 samples have same DNA profile 
(crime scene sample ”cold match” with 
database vs. match among database)

medical 
statistics

samples of disease-
associated genes

entries in 
genomic 
matchmaking 
database  

shared mutation in some gene
(vs. in a specific gene of interest)



BP also applies to popular culture/art 
• SONG: you’ve heard mine!  
• FICTION: In sci-fi writer Arthur C. Clarke's A Fall of Moondust,  

characters discuss validity of BP and later find a match among 22 
characters present. 

• TV: 3 episodes of NBC’s The Tonight Show, 
the world's longest-running talk show and 
the longest-running regularly-scheduled 
entertainment program in the US 
(started in 1954)! 



edited/excerpted from The Tonight Show, 2/6/1980

• Johnny Carson: How many people would you think would have to be 
in a room that your odds would be almost sure that they have the 
same birthday?....Something like 35 or 40.

• Ed McMahon: That’s all?... Well, pick a day* and see if we have it….
• JC: Lady in the front row, what’s your birthday?
• Attendee: August 9th.
• JC: Anybody else here have a birthday on August 9th? [SILENCE] 

[LAUGHTER] ….We have 500 people, nobody has August 9th?!  

*BIRTHMATE:  P(no match with that attendee) = (364/365)500 = 25%, 
not so unusual

https://www.cornell.edu/video/the-tonight-show-with-johnny-carson-feb-6-1980-excerpt


from the episode 2 nights later:

• JC: …I’ve heard from a couple of mathematics experts. Darrell Thomas 
said this does not mean that 2 people can be found who have the 
same birthday on a specified day, merely that 2 will have the same 
birthday…. I was giving a specific date…. You can’t do that. You have 
to have the…people all give their birthday… and…only if you have 24 
people, your odds are 50:50 that 2 people have the same birthday. 

https://www.cornell.edu/video/the-tonight-show-with-johnny-carson-feb-8-1980-excerpt


Also, application to EDUCATION

• Educators can use counterintuitive results as a “hook” 
to memorably engage students with a predict-explore-reflect trajectory

• If you initially voted for 183, don’t feel bad:  
I “set you up” by noting right before that 366 had a 100% chance. 
62 of 80 participants chose 183 on a pretest of Shaughnessy (1977).

GOOD NEWS: He showed that after 6.5 weeks of a group activity-based 
course, the tendency to use 50% as a representative multiplier had 
practically disappeared!



After all, a 100% chance of match with 366 people….

• ….turned out not to mean that 183 (i.e., 50% of 366) 
has a 50% chance

AND (hopefully way more obviously)
• ….doesn’t mean 1 (i.e., .27% of 366) has a nonzero chance!
• ….doesn’t mean 3660 (i.e., 1000% of 366) has a 1000% chance!



2010 World Cup rosters activity (Jones 2017)
https://www.statisticsteacher.org/2017/02/17/sharing-a-birthday-technology-supported-investigations-in-middle-school

https://www.statisticsteacher.org/2017/02/17/sharing-a-birthday-technology-supported-investigations-in-middle-school


and it’s an exhibit….

coming early 2026 
to the new MoMath space
at 635 6th Ave!



TIPS for doing a verbal DEMO:

1. Tell them if they’d rather not say theirs 
(or if they have a Feb. 29 birthday)
to just commit in advance to a different 
birthday instead.

2.   Go around the room, having people 
call out their birthday one at a time.



Demo Debrief:
• With probability of lying (just to avoid making a match) as high 

as 50%, about 33 people are needed for P(> 1 match) = 50%. 
That increase over 23 is modest because a false birthday might 
match an honest person who has yet to speak! (Hathaway 2003)

• Person #20 is most likely to form the first match.

• Let people know that ONE demo won’t prove anything. 
(Likewise, if it rains after a forecast of “30% chance of rain,” it 
doesn’t mean the weatherperson was “wrong.”)   More data 
must be gathered/simulated (as you will shortly)!  



OUTLINE

• Foundations 
• Intuitions 
• Calculations 
• Applications 
• Variations (6 variations on BP)
• Simulations/Q&A



to have 50% chance of… the number of people you need is…
> 1 match when number of days/year 
is c (maybe not 365); Generalized BP

≈ 1.2 𝒄𝒄
Example: Mars’ 669-day year needs 31 people!



can generalize n > 1.2 𝒄𝒄 for 50% chance of a 
match among multiple coincidences (Diaconis & Mosteller, 1989) 

ci = number of categories for potential coincidence on the ith variable ;

for P(match on > 1 thing) > 50%, we need n ≈ 1.2 𝟏𝟏
𝟏𝟏
𝒄𝒄𝟏𝟏
+ 𝟏𝟏

𝒄𝒄𝟐𝟐
+ … + 𝟏𝟏

𝒄𝒄𝒌𝒌

• Example: only 15 people needed if conversation spans 
c1 = 365 birthdays, 
c2 = 365 wedding anniversary dates, 
c3 = 10,000 possible last 4 digits of phone number, 
c4 = 1,000 possible last 3 digits of license plate



so can we get less reactive about “coincidences”? 

P(> 1 Texas Lotto ball drawn without replacement from   
1 to 54 also was in the previous 6-ball drawing) = 

1 – P(no drawn balls appear in back-to-back drawings) = 
1 – (48

54
× 47

53
× 46

52
× 45

51
× 44

50
× 43

49
) = 52.5%  so NOT unusual at all!



to have 50% chance of… the number of people you need is…
> 1 match when number of days/year 
is c (maybe not 365); Generalized BP

≈ 1.2 𝒄𝒄

> 1 match if a match requires more than 
2 people;      Multiple BP

88 for a 3-person match, 
985 for a 9-person match
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to have 50% chance of… the number of people you need is…
> 1 match when number of days/year 
is c (maybe not 365); Generalized BP

≈ 1.2 𝒄𝒄

> 1 match if a match requires more than 
2 people;      Multiple BP

88 for a 3-person match, 
985 for a 9-person match

> 2 birthdays being < d days apart; 
Almost BP ≈ 1.2 𝟑𝟑𝟑𝟑𝟑𝟑

𝟐𝟐𝟐𝟐+𝟏𝟏
people: 

14 for same 2-day window (d = 1)
7 for same 7-day window (d = 6)

> 2 birth-times within 24 hours of each 
other; Continuous BP

17  (< 23, since they need not be on same calendar day)

every person in the room is in some 
match;   Strong BP 

3064

every day is someone’s birthday 
(like “Coupon Collectors Problem”)

2287 (many people have this many FB friends!)



Now, the culmination: SIMULATION! 

• Foundation 
• Intuition
• Calculation 
• Application 
• Variation
• “Sim….u..la….tion…. we’re gonna simulate and have a good time!”

-- adapted from Kool & the Gang 



• Handouts are being distributed with simulation activities you can now 
explore (with iPad, etc.) by yourself or in small groups! 

• Resources (e.g., Tonight Show clips) are at LarryLesser.com/birthday

• Meanwhile, I invite your questions and insights -- now in person            
or later by email (ProfessorLesser@gmail.com)

• Thanks to Drs. Lauren Davis, Art Duval, Kerry Go, Jennifer Kaplan, 
Steven Strogatz, & the MoMath team!  And thank YOU for attending!

Larry 
Lesser

mailto:ProfessorLesser@gmail.com


The Tonight Show clips discussing the BP
(if we don’t hear them all today, you can find these links 
at LarryLesser.com/birthday)

•Feb. 6, 1980 (2:11)

•Feb. 7, 1980 (2:36)

•Feb. 8, 1980 (4:22)

https://www.cornell.edu/video/the-tonight-show-with-johnny-carson-feb-6-1980-excerpt
https://www.cornell.edu/video/the-tonight-show-with-johnny-carson-feb-7-1980-excerpt
https://www.cornell.edu/video/the-tonight-show-with-johnny-carson-feb-8-1980-excerpt


And one to grow on: 
my birthday-related haiku!

• Probability of an “unbirthday”:  364/365 = .9973
• Area under the bell curve within 3 SDs of the mean:  .9973

This inspired my haiku “99.73%”:
It’s why your birthday
Is viewed as an outlier,
Normally speaking.





BP variations

• Generalized BP (days in a year need not be 365)
• Multiple BP 
• Almost BP 
• Continuous BP 
• No unmatched people
• No uncovered days



try Mars with a longer
orbital period (year)

23 people yield even chances 
of a match on Earth;

the number of Martians needed 
would be_____ 23.

A) more than   B) less than



try Mars with a longer
orbital period (year)

23 people yield even chances 
of a match on Earth;

the number of Martians needed 
would be_____ 23.

A) more than   B) less than



and how about Mercury?

we need only 12 Mercurians 
for Mercury’s 88-day year



formula for any planet with an c-day year

To have at least even chances of a match, you need:

n > 1+ 1+8(ln 2)𝑐𝑐
2

people

Rough rules of thumb:     n > 1.2 𝒄𝒄 for 50% chance    &    
n > 2.5 𝒄𝒄 for 95% chance 

Math aside:  it’s the positive solution to the quadratic equation from 
using the Maclaurin series for ex to get the inequality 1 + x < ex

and then letting x = - i/n where i = 1, 2, 3, …., n-1 
for each term in the long product in Method 1



BP variations

• Generalized BP (length of year)
• Multiple BP (a match with more than 2 people)
• Almost BP 
• Continuous BP 
• No unmatched people
• No uncovered days



VARIATION: “MULTIPLE BP” (multiply-shared birthday) 
(DasGupta, 2005) 

How many people needed for at least a 50% chance…. 
……of at least one 3-person match? 
• we know it’s > the number (23) needed for a 2-person match



VARIATION: “MULTIPLE BP” (multiply-shared birthday) 
(DasGupta, 2005) 

How many people needed for at least a 50% chance…. 
……of at least one 3-person match? 
• we know it’s > the 23 needed for a 2-person match
• we know it’s < 2*365 + 1 = 731 

(Pigeonhole Principle) 



P(> 1 m-person match among n people) > 50%

and with 1000 people, P(> 9 people share a birthday) > 50%

m n m n
2 23 6 460
3 88 7 623
4 187 8 798
5 313 9 985



BP variations

• Generalized BP (length of year)
• Multiple BP (a match with more than 2)
• Almost BP (nearly matching)
• Continuous BP (continuum of time)
• No unmatched people 
• No uncovered days



VARIATION: “Almost BP” (Abramson & Moser, 1970) 

P(> 1 pair in a group of n people with birthdays in 
same window of d+1 days)

Exact answer:     1 - 365 −𝑛𝑛𝑛𝑛 −1 !
365 −𝑛𝑛 𝑑𝑑+1 ! 365𝑛𝑛−1

d = 0, n = 23 yields our familiar .507, but now we can change d or n

d = 1, n = 23 is really common:  .888 



VARIATION: “Almost BP”
matching in same window of d+1 days

approximate n for probability > .5:     1.2 𝟑𝟑𝟑𝟑𝟑𝟑
𝟐𝟐𝟐𝟐+𝟏𝟏

d = 0 (same-day match)  need n = 23 people
d = 1 (same 2-day window)  need n = 14
d = 6 (same 7-day window)  need n = 7

(Diaconis & Mosteller, 1989; Sevast’yanov, 1972) 



https://alohonyai.blogspot.com/2014/04/more-fun-with-probability-and-birthdays.html

Big difference 
between 
d=0  and  d=1 



BP variations

• Generalized BP (length of year)
• Multiple BP (a match with more than 2)
• Almost BP
• Continuous BP (continuum of time)
• No unmatched people 
• No uncovered days



VARIATION: continuous BP  (Hathaway & Barks, 2016)

• Limitation: people must know what time they were born!

• Check your intuition:    
We need  A) more   B) fewer   than 23 people 

for at least a 50% chance of at least 2 birth-times within 24 hours of 
each other, whether or not on the same calendar day. 



VARIATION: continuous BP  (Hathaway & Barks, 2016)

• Limitation: people must know what time they were born!

• Check your intuition:    
We need  A) more   B) fewer than 23 people  (only 17!)

for at least a 50% chance of at least 2 birth-times within 24 hours of 
each other, whether or not on the same calendar day. 



VARIATION: continuous BP  
(Hathaway & Barks, 2016; Schwarz 2010)

n discrete same-day continuous (within 24 hours)

10 .1169 .2212
17 .3150 .5338
23 .5073 .7611
30 .8144 .9675
40 .8912 .9892



BP variations

• Generalized BP (length of year)
• Multiple BP (a match with more than 2)
• Almost BP (nearly matching)
• Continuous BP (continuum of time)
• No unmatched people
• No uncovered days



for a 50% chance of…..

• No unmatched people (“Strong 
BP”; DasGupta 2005; Borja 2013) 

• No uncovered days (like “coupon 
collectors problem”; Borja 2016) 
flowingdata.com/2017/06/05/ 





METHOD 2: Opportunities (Kaye, 2013)

And geometrically, 
𝑛𝑛(𝑛𝑛−1)

2
is consistent with the area of a 

right triangle with legs of n and n-1



opportunities are not truly independent
• Kalid Azad (betterexplained.com): 
“If Persons A & B match, and Persons B & C match, 
we know A & C must match also. The outcome of 
matching A & C depends on their results with B, 
so the probabilities aren’t independent.”

• independent pairwise but not as a collection;  
• like Borromean rings, a pairwise property 

need not imply a 3-way property



https://flowingdata.com/2017/06/05/how-many-friends-you-need-to-have-a-birthday-every-day-of-the-year/,
using https://github.com/fivethirtyeight/data/blob/master/births/US_births_2000-2014_SSA.csv

https://flowingdata.com/2017/06/05/how-many-friends-you-need-to-have-a-birthday-every-day-of-the-year/
https://github.com/fivethirtyeight/data/blob/master/births/US_births_2000-2014_SSA.csv


https://flowingdata.com/2017/06/05/how-many-friends-you-need-to-have-a-birthday-every-day-of-the-year/,
using https://github.com/fivethirtyeight/data/blob/master/births/US_births_2000-2014_SSA.csv

https://flowingdata.com/2017/06/05/how-many-friends-you-need-to-have-a-birthday-every-day-of-the-year/
https://github.com/fivethirtyeight/data/blob/master/births/US_births_2000-2014_SSA.csv


A conversation…. 
(Castaneda-Mendez, chance.amstat.org/2024/10/puzzles)

• Teacher: What’s the probability of getting heads with a toss of a coin?
• Student: Easy– ½.
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• Teacher: What’s the probability of getting heads with a toss of a coin?
• Student: Easy– ½.
• T: No, it’s 0. The coin has tails on both sides.
• S: But you didn’t say that.



A conversation…. 
(Castaneda-Mendez, chance.amstat.org/2024/10/puzzles)

• Teacher: What’s the probability of getting heads with a toss of a coin?
• Student: Easy– ½.
• T: No, it’s 0. The coin has tails on both sides.
• S: But you didn’t say that.
• T: I also didn’t say it was a head-tail sided coin with each equally likely.            

I could have said 1 is the probability because both sides are heads.
Lesson 1: A probability distribution (sample space and their probabilities) is 
required to calculate a probability.
Lesson 2: If the puzzle is to have one correct answer, it must state which 
events are random and provide their probability distribution. 



Also, opportunities are not disjoint (CMJ Nov. 2006, p. 381)

• If they were, addition rule would say P(match among 30 people) > 1!

• 30 people generate (30)(29)/2 = 435 opportunities
• Since each opportunity has probability 1/365, if the opportunities 

were disjoint, the total probability would be 435*(1/365) = 435/365 



independent pairwise but not as a collection
4-ball example of Stepniak (2007): 
• For any 2 event-ovals, P(ball in intersection) = ¼
= product of the 2/4 probabilities in each of 2 ovals

• 3-oval intersection probability = ¼, 
but product of the 2/4 probability 
in each of 3 ovals = 1/8



simulate a 23-person room 
and let’s see if half of us find a match
• webpage by Richland CC’s James Jones: 

https://people.richland.edu/james/ictcm/2002/birthday.html

• Use www.random.org/integers/

• Use TI-84 graphing calculator:
MATHPRB randInt(1, 365, 23) STO2nd L1ENTER;  
STAT EDIT SortA ENTER 2nd L1 ENTER; 
STATEDIT ENTER ; arrow down L1 to look for repeated numbers

• Use Excel:   In cell A1, enter =RANDBETWEEN(1,365) and drag it down A1:A23, 
then in A25 enter =MODE(A1:A23) which returns N/A if A1:A23 includes a 
repeated number

https://people.richland.edu/james/ictcm/2002/birthday.html
http://www.random.org/integers/


What fraction of a pro sport’s team rosters should 
have a match? (cbssports.com)



Are methods #1 & 2 equivalent? Not quite 

n Method 1                         P(0 matches) Method 2

1 1 1

2 364/365 364/365

3 (364/365)*(363/365) = 
.991795834

(364/365)3 = 
.99180332

35 .1856 .1955

366 [365*364*363*…*(365 – 366 + 1)]/365n = 0  (364/365)366



Runs in 100 coin flips (Tijms 2022) chance.amstat.org/2022/02/gamblers-fallacy

• “It is well known that, when asked to make up a random sequence of 
100 coin tosses, people will as a rule avoid runs of 5 or more 
consecutive heads or tails…. 

• The probability of this happening is just over 6%....only if you flip a 
coin exactly 5 times.  But in a series of 100 tosses, there are 96 
starting points…..

• The probability we’re looking for is ….not a meager 6.25% but an 
amazing 97.2%….it would be exceptional for a run of 5 or more heads 
or tails in a row not to occur.”



Runs in 100 coin flips (Tijms 2022) chance.amstat.org/2022/02/gamblers-fallacy

• “…when asked to make up a random sequence of 100 coin tosses, 
people will…avoid runs of 5 or more consecutive heads or tails….”  
since P(5-flip streak) = .55 + .55 = .0625.

• But that’s true if you flip exactly 5 times; a 100-toss series has 96 
starting points for a 5-flip sequence!

• P(100-toss series includes streak of > 5 heads or 5 tails) = .972



another demo of the 50% chance rule  
n > 1.2 𝑐𝑐

• Step 1: form a group of 7 people (including you) 
• Step 2: each person confidentially writes down a capital letter of the 

26-letter English alphabet 
• Step 3: simultaneously reveal all letters to see if there’s a match in the 

group



LETTER ACTIVITY  
P(> 1 match) = 

26
26

x 25
26

x 24
26

x 23
26

x 22
26

x 21
26

x 20
26

= 58.7%

Note: the 50% chance rule of thumb 1.2 26 rounds up to 7



we know P(at least 2 of 23 match) = .5073
but what’s P(exactly 2 of 23 match)?

• P(exactly 2 of 23 match) =  
23
2 ∗ 365 ∗ [364∗363∗…∗ (365−21)]

36523
≈ .363

• So there’s a nontrivial chance (14.4%) that more than 2 people 
match!

• Note: after n exceeds 28, P(exactly 2 people match) starts to decrease



• Until now, n < c = 365, so duplicates were not guaranteed
• But now, n > c, so duplicates add complexity



Kahneman & Tversky (1974, p. 1129)

“The chain-like structure of conjunctions 
leads to overestimation, 
the funnel-like structure of disjunctions
leads to underestimation.”



opportunities are not truly independent:
a quick “technical” aside

A set of n events is independent if 
the intersection probability = the individual probabilities product 
for all possible subcollections of events 

Let’s explore this for the case of n = 3 people:  A, B, and C



Event Q: “persons A & B match”
Event R: “persons A & C match”
Event S:  “persons B & C match” 

So to be independent, events Q,R,S must satisfy both of these:
• pairwise independence 
P(Q and R) = P(Q)*P(R); 
P(Q and S) = P(Q)*P(S); 
P(R and S) = P(R)*P(S)

• 3-way-intersection probability = product of individual probabilities                             
P(Q and R and S) = P(Q)*P(R)*P(S)



Event Q: “persons A & B match”
Event R: “persons A & C match”
Event S:  “persons B & C match” 

So to be independent, events Q,R,S must satisfy both:
• pairwise independence – YES
P(Q and R) = P(A,B,C all match) = (1/365)*(1/365) = P(Q)*P(R) 
Similarly for P(Q and S) and for P(R and S) 

• 3-way intersection probability = product of individual probabilities:  NO!
P(Q and R and S) = P(A,B,C all match) = (1/365)2

but P(Q)*P(R)*P(S) = (1/365)3



INTUITION: (egocentric) BIRTHMATE Problem 
(Mosteller 1962)

• R. A. Fisher (1937): “…for the ‘one chance in a million’                        
will undoubtedly occur, with… its appropriate frequency,           
however surprised we may be that it should occur to us.”



APPLICATIONS of BP
• Educators – use counterintuitive result as a lesson hook and then use  

sequence of disjunctive probability activities to help students be 
more aware and critical about their heuristics

• Wildlife biologists – capture-recapture method to estimate animal 
population size

• Cybersecurity analysts – analyze “birthday attacks”
• Medical statisticians – estimate chance of matches (on blood type, 

etc.) within pools of potential transplant donors/recipients
• Criminologists – estimate how many (partial) matches between DNA 

profiles are expected in databases of convicted offenders



Green & Mitchell (2024), in Animal

• “The birthday problem considers distributing 𝐾𝐾 random birthdays 
with a range 1–365 and counting recaptures [matches] amongst those 
random birthdays. 

• This is the same mathematics as labelling our [animal] population 
with unique ID tags 1–𝑁𝑁 (where 𝑁𝑁 is the flock size), sampling with 
replacement 𝐾𝐾 random individual IDs, and counting recaptures 
amongst those random IDs.”



“birthday attack” (you can Google it!)

from a cryptographic hash function (algorithm that turns an input of 
any size to a unique hash value output of a fixed length of bits like 128)
attackers seek collisions (hash value “matches”) to be able to bypass 
security measures, forge digital signatures, and impersonate users.

The BP helps attacker’s computational efforts by seeking collisions 
between any two hash values instead of trying to match with a specific
hash value



Giansiracusa (2016, p. 213) 

• “A defense team….presented literature showing that the FBI’s 
established probability of random DNA matches could not possibly be 
correct because in even a small collection of samples they found a 
handful of matches.  

• …the confusion here is precisely the birthday paradox: the probability 
of finding a match between any two DNA samples in a database is 
orders of magnitude greater than the probability of finding a match 
with a fixed sample (that of the defendant, for instance)…”



Related note:  with 1000 Facebook friends….
(see facebook.com/friends/birthdays)

you can expect (on average) that on 341 days/year, 
it will be the birthday of > 1 friend

So you’re not imagining it if it seems like 
it’s (almost) always someone’s birthday!



# of 
people

P(no match)
METHOD 1

Oppor-
tunities

P(no match)
METHOD 2

1 1 0 1

2 .9973 1 .9973

3 .9918 3 .9918

4 .9836 6 .9837

5 .9729 10 .9729

6 .9595 15 .9597

7 .9438 21 .9440

8 .9257 28 .9261

9 .9054 36 .9060

10 .8831 45 .8839

11 .8589 55 .8599

12 .8330 66 .8344

13 .8056 78 .8074

14 .7769 91 .7791

15 .7471 105 .7497

16 .7164 120 .7195

# of 
people

P(no match)
METHOD 1 

Oppor-
tunities

Pr(no match)
METHOD 2

17 .6850 136 .6886

18 .6531 153 .6572

19 .6209 171 .6255

20 .5886 190 .5938

21 .5563 210 .5621

22 .5243 231 .5306

23 .4927 253 .4995

24 .4617 276 .4690

25 .4313 300 .4391

30 .7063 435 .6968
40 .8912 780 .8823

50 .9704 1225 .9653

60 .9941 1770 .9922

70 .9992 2415 .9987

365 1.455 E-157 66,430 7.08 E-80

366 0 66,795 2.6004 E-80



follow-ups on Classroom Demo:
• n people yield 𝑛𝑛(𝑛𝑛−1)

2
opportunities, each of which has roughly a 

1/365 chance of yielding a match.  So on average, the expected 
number of matches is: 𝑛𝑛(𝑛𝑛−1)

2
× 1

365

• With birthdays called out one at a time, person #20 is most likely to 
form the first match.

• Let students know that ONE demo won’t prove anything. (Likewise, if 
it rains after a forecast of “30% chance of rain,” it doesn’t mean the 
weatherperson was “wrong.”)

• More data must be gathered/simulated (as you will shortly)!  
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